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We present Direct Numerical Simulation (DNS) of heavy inertial particles (dust) immersed in
two-dimensional turbulent flow (gas). The dust are modeled as mono-dispersed heavy particles
capable of modifying the flow through two-way coupling. By varying the Stokes number (St) and
the mass-loading parameter (φm), we study the clustering phenomenon and the gas phase kinetic
energy spectra. We find that the dust-dust correlation dimension (d2) also depends on φm. In
particular, clustering decreases as mass-loading (φm) is increased. In the kinetic energy spectra of
gas we show: (i) emergence of a new scaling regime, (ii) the scaling exponent in this regime is not
unique but rather a function of both St and φm. Using a scale-by-scale enstrophy budget analysis
we show in the new scaling regime, viscous dissipation due to the gas balances back-reaction from
the dust.
1. INTRODUCTION
In nature, turbulent flows often include small parti-
cles embedded within the flow, typical examples are (a)
proto-planetary disks (gas and dust) [1], (b) clouds (air
and water droplets) [2] and (c) aeolian processes (wind
and sand) [3]. Analytical, numerical and experimental
studies of such multiphase flows have flourished in the
last decade (see e.g. Refs. [4–7] for a review). For no-
tational convenience, in the rest of this paper, we shall
call the solvent phase “gas” and the solute phase “dust”.
Often the simplest model used to study such multiphase
flows assume that the dust is a collection of heavy, iner-
tial particles (HIPs) which do not alter the gas flow. The
equation of motion of the dust particles are
dX(t)
dt
= V (t), (1a)
dV (t)
dt
=
1
τp
[u(X, t)− V ] , (1b)
where X is the position, V is the velocity of a dust parti-
cle, and u is the velocity of the gas at a point X. For in-
compressible flows, in addition to the Reynolds number,
an additional dimensionless number appears, the Stokes
number St ≡ τp/τf where τf is a characteristic timescale
of the flow of gas. If the size of dust grains are compara-
ble to or larger than the dissipative scales of the flow then
the simple approximation encoded in Eq. (1) is not valid
any more. Furthermore, Eq. (1) is a reasonable model of
reality if the number density of the dust grains is so small
that both the dust-dust interaction and the back-reaction
from the dust phase to the gas phase can be ignored. In
this paper, we study the consequences of relaxing this
last assumption. One of our motivations is the recent
realization that the dust in astrophysical plasma cannot
be treated merely as a passive component. In particular,
the inclusion of the back-reaction allows for novel insta-
bilities, e.g. the streaming instability [8, 9], to manifest
itself.
In the absence of dust, the turbulence in the gas phase
has been extensively studied [10–12]. The pioneering
work of Kolmogorov [13] has established that in three-
dimensions the (angle-integrated) energy spectrum of the
gas shows power-law behavior E(k) ∼ k−5/3 within the
inertial range followed by the dissipation range where the
energy spectrum shows exponential decay [14]. More im-
portantly, the inertial range spectral exponent is univer-
sal, i.e. it does not depend on the Reynolds number and
the mechanism of turbulence generation. Does the pres-
ence of dust modifies this energy spectrum? Obviously,
in general, the answer depends on the number, size, and
shape of the dust grains. In this paper, we study this
question using direct numerical simulations (DNS) of the
dusty gas flow.
A recent paper [15] has suggested that in the pres-
ence of dust a new power-law behavior can emerge where
E(k) ∼ k−4 in three dimensions. Is this exponent uni-
versal, in the sense that, is it independent of the Stokes
number and the dust concentration? It is difficult to
provide an answer to this question because an accurate
determination of the exponent requires obtaining clean
scaling of the energy spectrum over at least a decade.
This is a formidable task in three dimensions but is a
much simpler proposition in two-dimensions. Hence to
understand the universality (or lack thereof) we study
this problem in two dimensions.
In two-dimensional gas turbulence [16], forced at large
scales (small k) and in presence of air-drag friction
(α), the energy spectrum is universal with respect to
the Reynolds number but does depend on the air-drag-
friction coefficient [17, 18]. The scaling exponent and its
non-universality can be understood as an effect of the
loss of enstrophy due air-drag-friction [19]. In our simu-
lations we choose an α such that in the absence of dust
E(k) ∼ k−3.9. We then perform extensive simulations
of the dusty-gas flow by varying both the Stokes number
and the mass-loading-parameter (φm, ratio of the total
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2mass of the dust to the total fluid mass).
The rest of the paper is organized in the following man-
ner. In section (2) we present our model and describe
how it is implemented numerically. The result section
(3) is divided in three subsections. First subsection (3 A)
is devoted to discussion of the pair distribution function
of dust particles where we show that increasing mass-
loading parameter reduces the clustering of dust. In the
remaining subsections (3 B) and (3 C), we present energy
spectra and scale-by-scale enstrophy budget respectively
for the gas phase. We show that indeed in the presence
dust-gas coupling, a new scaling range emerges in the gas
kinetic energy spectra. Furthermore, using a scale-by-
scale enstrophy budget analysis we show that the new
scaling appears due to a balance between the injection
(from the dust to the gas) and viscous dissipation. Our
main result is that the scaling exponent is not universal
but depends on both St and the mass-loading parameter
φm. Finally, in section (4) we conclude the paper.
2. MODEL AND NUMERICAL METHOD
The dust is modeled as a system of mono-dispersed
spherical particles governed by Eq. (1). Gas is modeled
in the Eulerian-framework where the equation for the
scalar vorticity field ω(x, t) ≡ ∇× u(x, t) is
Dtω(x, t) = ν∇2ω(x, t)−αω(x, t)+f(x, t)+∇×F d→g(x, t).
(2)
Here u(x, t) is the incompressible velocity field, Dt =
∂t+u·∇ is the material derivative, ν is the viscosity, α is
the Ekman drag coefficient, and f(x, t) = −f0kf cos(kfy)
is the Kolmogorov forcing with amplitude f0 and at wave-
number kf . The force exerted by the dust particles on the
gas is
F d→g(x, t) =
Np∑
i=1
m
τpρg
[Vi − u(x, t)] δ2(x−Xi), (3)
where m is the mass of a dust particle and Np is the total
number of particles. We use a pseudo-spectral method
[20, 21] to numerically integrate Eq. (2) in a periodic
square box with each side of length L = 2pi. The sim-
ulation domain is spatially discretized using N2 colloca-
tion points. For time evolution we employ a second-order
Runge-Kutta scheme [22].
In this Eulerian-Lagrangian framework, the position
of a dust grain does not, in general, coincides with the
Eulerian grids. The gas velocity at the position of a dust
in Eq. (1b) is obtained as
u(X, t) =
∑
x
u(x, t)δ2h(x−X)h2, (4)
where h = L/N , and the δ2h(·) is a numerical realization
of the two-dimensional delta function on grids of linear
FIG. 1. (a) Representative steady-state snapshot of turbulent
vorticity field ω from our simulation. (Inset) Log-log plot
of compensated energy spectrum [k3.9E(k)] versus kη, where
η is the Kolmogorov dissipation length scale. To generate
turbulent flow we take α = 10−2, f0 = 5 × 10−3, kf = 4
and ν = 10−5 units. For the resulting turbulent flow, η =
5.4 × 10−3 units, τη = 2.89 units, and enstrophy dissipation
rate β = 2.8 × 10−4 units. (b) Representative snapshot of
ω during steady state for St = 0.33 and φm = 1.0. (c) The
positions of all the dust particles are overlaid as black dots in
underlying vorticity plot of (b). The diameter of each dust
particle is ∼ 0.1η. We take N = 1024 for all the simulations
in section (3 A) and N = 4096 for simulations in sections
(3 B) and (3 C). We vary St in the range 0.17− 1.67 and Np
in range 1.5 · 104 − 1.5 · 105 to achieve mass-loading (φm)
of 0.1 − 1.0 respectively. In order to obtain better scaling
exponent, only for the case St = 0.17, φm = 1, as d2 is large,
we take Np = 4.5 · 105.
3dimension h. We use the following prescription [23]:
δ(x−X) =

1
4h
{
1 + cos
[
pi(x−X)
2h
]}
, |x−X| ≤ 2h,
0 otherwise.
(5)
The same prescription, Eq. (5), is also used to dis-
cretize the delta function in Eq. (3). We initialize
our simulation with Np randomly placed dust parti-
cles. Similar to aerosols in clouds [24], we assume
ρd/ρg ∼ 103. The vorticity is initialized as ω(x, 0) =
−f0kfν [cos(kfx) + cos(kfy)].
3. RESULTS
We study the dust-gas turbulence by varying the mass-
loading parameter φm ≡ Npm/(ρgL2) and the Stokes
number St.
A. Vorticity and Clustering
In Fig. (1) we show the pseudo-color plot of the vortic-
ity field in absence of dust (φm = 0) and at high mass-
loading φm = 1. We observe that the in the latter small-
scale vortices form in the regions where particle cluster.
Our observation is consistent with the earlier study of
two-dimensional dusty-gas turbulence [25]. We quantify
the clustering by using the cumulative pair distribution
function
N(r) ≡
〈
2
Np(Np − 1)
∑
i<j
Θ(r− | Xi −Xj |)
〉
. (6)
Here Θ is the Heaviside function and the angular brackets
denote averaging over different stationary-state turbulent
configurations. In Fig. (2a), we plot N(r) versus r for
fixed φm = 1 and with different St. In the limit r→ 0,
N(r) ∼ rd2 , where d2 is the correlation dimension [26].
We obtain d2 by performing a least square fit in the range
1 < rη < 10.
In Fig. (2b) we plot the correlation dimension d2 as a
function of St for different values of φm. Note that d2 = 2
for St = 0,∞ and attains a minimum value, which cor-
responds to maximum clustering, around St ≈ 0.6 [27].
We observe that for all the values of φm this is indeed the
case. However, the amount of clustering (smallest value
of d2) decreases with increasing φm. We find that for
a fixed St, the maximum clustering is obtained for one-
way coupled simulations where the back-reaction from
the dust is ignored. Similar results have also been ob-
served for particle-laden turbulent homogeneous shear
flows [28, 29]. Qualitatively, the small-scale vortices pro-
duced in presence of mass-loading will expel particles
hence clustering reduces as with φm increases.
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FIG. 2. (a) Log-log plot of the cumulative distribution func-
tion N(r) vs. r/η for φm = 1 and different St. The dashed
line represents least square fit with corresponding slope value.
(b) The correlation dimension d2 vs. St for different φm.
B. Energy spectra
Next, we study the angle averaged velocity power spec-
trum
E(k) ≡ 1
2
〈 ∑
k−1/2≤m<k+1/2
| um |2
〉
, (7)
where um is the velocity field in the Fourier space. In
the absence of dust particles (φm = 0), steady-state
two-dimensional energy spectrum [Fig. (1a)] shows in-
ertial range scaling E(k) ∼ k−3.9 for 0.03 ≤ kη ≤ 0.1
and decays exponentially in the dissipation range (kη >
0.10) [21]. We find that addition of dust particles to the
gas dramatically alters the dissipation range spectrum.
For kη > 0.1, we observe a new power-law E(k) ∼ k−ξ
with ξ < 3.9. Let us hold φm = 1 fixed and increase St
(Fig. (3a)): we find ξ first decreases, reaches its mini-
4mum value ξ ∼ 3 for St = 0.33 [see insets to Fig. (3a)]
and then increases again. For a fixed St = 0.67, ξ reduces
monotonically as φm is increased Fig. (3b).
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FIG. 3. Log-log plot of spectra for (a) φm = 1.0 fixed, St
varied, (b) St = 0.67 fixed and φm varied. Black dashed line
represents E(k) for φm = 0. [Inset (i)] Log-log plot of energy
spectra E(k) compensated by k3.9. Note that the dusty-gas
spectrum deviates from the φm = 0 case, which is marked
by the rise in tail. [Inset (ii)] Log-log plot of energy spectra
compensated by kξ where the exponents ξ for each St and φm
is given in the inset.
C. Enstrophy budget
To understand the scaling behavior we now study the
scale-by-scale enstrophy budget equation:
Π(k) = D(k)− αΩ(k) +F (k) +R(k). (8)
Here
Ω(k) ≡
〈∑
m≤k
| ωm |2
〉
is the cumulative enstrophy up to wave-number k,
Π(k) ≡
〈∑
m≤k
ωm(u ·∇ω)−m
〉
10 2 10 1 100
k
4
2
0
2
4
En
st
ro
ph
y 
bu
dg
et
(a)
10 2 10 1 100
k
3
0
3
En
st
ro
ph
y 
bu
dg
et
(b)
10 2 10 1 100
0.0
0.4
FIG. 4. Semi-log (X-axis in log scale) plot of scale-by-scale
enstrophy budget for (a) φm = 0, (b) St = 0.67 and φm = 1.
(Inset) Semi-log plot of R(k) zoomed for kη ≤ 0.3. Note that
R(k) is negative till wave mode kc. Y-axis in both (a) and
(b) is normalized by enstrophy dissipation rate β.
is the enstrophy flux due to non-linear terms,
D(k) ≡ −ν
〈∑
m≤k
m2 | ωm |2
〉
,
is cumulative dissipation rate, −αΩ(k) is the contribution
due Ekman friction,
F (k) ≡
〈∑
m≤k
ωmf−m
〉
is the cumulative energy injected due to Kolmogorov forc-
ing, and
R(k) ≡
〈∑
m≤k
ωm(∇× F d→g)−m
〉
is the contribution because of back reaction from the dust
particles to the gas. In Fig. (4a) we plot the enstrophy
budget for the gas in absence of particles (φm = 0). Sim-
ilar to earlier studies, we observe that at large scales en-
ergy injected by external forcing is primarily balanced by
Ekman drag and the enstrophy flux Π(k) decreases with
increasing k [16].
5We now show that the presence of dust particles dra-
matically alters the enstrophy budget in the dissipation
range. In Fig. (4b) we plot the cumulative contributions
of all the terms in budget for St = 0.67 and φm = 1.0.
The dust particles inject enstrophy (R) at large k which
is then balanced by viscous dissipation D . We find a
negligible change in shape of Π, F and the Ekman drag
term in the inertial range. A closer look at R [inset
Fig. (4b)] reveals that it makes a net negative contribu-
tion to budget till a wavenumber kc after which it turns
positive. Clearly, the particles extracts enstrophy from
the flow at small k (large scales) but injects enstrophy at
large k (small scales). Furthermore, for k > kc the two
dominant terms that balance each other are R and D .
Hence, we expect E(k) ∼ k−4d[R(k)]/dk for k > kc. In
Fig. (5a,b) we show that R(k) ∼ kβ for k > kc. Using
the relation between E(k) and R(k), we find the scaling
exponent ξ = −5+β. For φm = 1 and St = 0.33, 0.67, 1.0
we obtain ξ = 3.08, 3.17 and 3.36 respectively, which is
very close to the exponents that we directly determine
from the energy spectra [Fig. (3)]. This proves that the
dominant balance between R and D determines the new
scaling exponent.
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FIG. 5. Log-log plot of R(k) for (a) φm = 1 fixed, St varied
and (b) St = 0.67 fixed and φm varied. (Inset) Linear plot of
kcη (mode where R(k) changes sign) vs. St. Dashed lines in
both (a) and (b) shows the scaling for R(k).
4. CONCLUSION
We use an Eulerian-Lagrangian formalism to study the
effects of dust to gas coupling in two-dimensional turbu-
lence. The dust are modeled as heavy inertial particles
immersed in the gas. We solve gas equations on fixed
Eulerian grids by incorporating the forces [Eq. (3)] due
to dust . The main problem with this technique is that to
have a smooth Eulerian representation of the feedback,
number of particles per cell needs to be equal or greater
than a certain threshold (≈ 1) [30, 31]. We choose Np
such that in the stationary state, i.e. after the dust have
clustered, the ratio Np/N
d2 ≈ 1 for almost all the St.
Furthermore, we use higher order weight function for ex-
trapolation to ensure a better approximation of back re-
action in fluid grids. We obtain reasonable scaling range
for nearly all the St and φm.
The Eulerian-Lagrangian formalism has been exten-
sively used to understand how the interaction with dust
modifies three-dimensional turbulence. Here, we shall
review some of them with an emphasis on energy spec-
tra (see [30, 32] and references therein for more details).
Refs. [33, 34] studied the effects of dust in isotropic
stationary turbulence using direct numerical simulations
while similar studies in decaying turbulence were done by
Refs. [35, 36]. The key results of these studies are: (a)
particle injects energy at large k and reduces it at small
k, and (b) increasing mass loading leads to reduction of
the total kinetic energy. But, the effect of St or φm on
the scaling of energy spectra remained unclear as these
simulations were done at small or moderate resolution.
More recently, Ref. [37] introduced a new numerical
scheme to model coupling between gas and dust wherein
the disturbance in the gas due to dust particle is evalu-
ated in a closed analytic form (by using solutions of the
Stokes equation) and is incorporated into fluid grids af-
ter a certain regularization time (r). Here r is the time
taken by a subgrid-scale disturbance to reach nearby fluid
grid locations from an off-grid particle location. One ma-
jor advantage of this method is that the number of par-
ticles need not be comparable to number of grid cells
for smooth feedback. Unfortunately, the method is com-
putationally expensive and not easily parallelizable on
distributed-memory machines. By studying dust laden
homogeneous shear turbulent flow using this technique,
Ref. [15] reported a scaling exponent of −4 in gas kinetic
energy spectrum [for St = 1 and φm = (0.4, 0.8)]. They
argued that the new scaling appears due to the balance
of viscous forces with the back reaction from dust. In
[15], the new scaling was observed for kη ≥ 1, whereas
our two-dimensional study shows that it starts around
kη ∼ 0.2. Clearly, the crucial problem with our and sim-
ilar studies is that there is, as yet, no well-established
algorithm to numerically calculate the feedback in DNS.
For good reason, the most important one being dif-
ficulties in experimental realization, turbulence in flows
of dust and gas has been rarely studied in two dimen-
sions. Ref. [25] using Eulerian description of dust found
6a scaling exponent of −2 in the gas energy spectra, that
once again emerges due to balance of viscous dissipa-
tion against the feedback, for St  1 and φm between
0.1 − 0.4. To numerically smoothen the caustics that
invariably develops in such a computation a synthetic
hyper-viscous term was added in the Eulerian descrip-
tion. Ekman drag coefficient was chosen such that the
pure gas spectra (without dust coupling) scale with an
exponent −3.3. Notably, the new scaling here starts at
much small k compared to what we find.
To summarize our main results: (a) presence of dust-
gas coupling decreases clustering of dust particles, (b) a
new scaling regime emerges in the kinetic energy spec-
trum, marked by rise in the tail, (c) scale-by-scale en-
strophy budget, suggests that the new scaling is because
of gas viscosity dissipating the enstrophy injected by dust
at those scales. (d) dust has a net negative contribution
to budget till a wavenumber kc and injects enstrophy at
higher fourier modes, (e) as the form of dust-gas coupling
term varies with both φm and more importantly St, the
scaling exponent is non-universal and a function of both.
We conclude that once feedback from the dust to the
gas is significant the spectra of gas changes, not in the in-
ertial range but a new scaling regime emerges in the erst-
while dissipative range. The central message of this paper
is that this scaling exponent is non-universal, it depends
on the Stokes number of the dust and the mass loading
parameter. Even in two dimensions, where we have been
able to do large-scale simulations for long enough time,
the appearance of the new scaling regime is not always
prominent. We cannot rule out the possibility that there
may be no scaling range at all. But we can and do con-
clude that the spectra is non-universal.
It is quite difficult to perform a DNS of similar res-
olution, with feedback from particles, in three dimen-
sions. So it is unlikely that in near future we shall ob-
server clear scaling behavior in analogous cases in three
dimensions. But based on our result we speculate that
the same non-universal nature of spectra will be true in
three-dimensions too.
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